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Abstract
We give a criterion for a group scheme to be not reduced involving in5nitesimal multiplicative
subgroups. As a consequence the scheme of outer automorphisms of a 5nite-dimensional algebra
A over an algebraically closed 5eld of characteristic p is not reduced if A admits a Zp-grading
which cannot be lifted to a Z-grading. This applies in particular when A is the group-algebra of
a p-group.
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1. Introduction
Let A be a 5nite-dimensional associative algebra over an algebraically closed
5eld k. We write Aut(A) for the a=ne group scheme of automorphisms of A and
Inn(A) for the smooth characteristic subgroup of inner automorphisms. Then Out(A) :=
Aut(A)=˜Inn(A) is the a=ne group-scheme [1, III, paragraph 3,5.6] of outer automor-
phisms. The tangent space TOut(A);1 is naturally isomorphic to the Hochschild coho-
mology group H 1(A).
Ref. [5] proves that the identity component Outo(A) of the outer automorphisms
is invariant under derived equivalences, see also [4]. Thus it should be interesting to
inquire if Out(A) is reduced or not, one of the most basic properties of an algebraic
group.
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Now, by the theorem of Cartier [1, II, paragraph 6,1.1] Aut(A) is always reduced
if char(k) = 0, but for example Aut(k[x]=(x2)) is not reduced if char(k) = 2. On the
other hand in case char(k) = p¿ 0 it is known that Aut(A) is reduced if and only if
each derivation D:A→ A is integrable i.e. if there exist linear maps D(m) :A→ A with
D(0) = 1; D(1) = D such that for all m∈N0 we have
D(m)(ab) =
∑
i+j=m
D(i)(a)D(j)(b); a; b∈A:
See for example [2]. As discussed there, in some cases it is easy to produce a k-basis
of integrable derivations. However, to show that a derivation is actually not integrable
might involve some tricky calculations, see for example [2, Section 3].
We present here a criterion which allows to show for particular algebras A e=ciently
that Aut(A) and thus Outo(A) is not reduced. It is based on the following result about
algebraic groups which we will prove in Section 3.1.
1.1. Theorem. Let G be a smooth algebraic group over an algebraically closed :eld
k of characteristic p¿ 0. If M is an in:nitesimal multiplicative subgroup of G then
there exists a maximal torus T of G with M ⊂ T.
Let  :Z→ Zp be the natural projection. We say that a Zp-grading A=
⊕
d∈Zp Ad
is critical if there is no Z-grading A=
⊕
i∈Z A
′
i with Ad =
⊕
i∈−1(d) A
′
i for all d∈Zp.
Corollary. Let A be a :nite-dimensional algebra over an algebraically closed :eld
k of characteristic p¿ 0. Suppose A admits a critical Zp grading, then the group
schemes Aut(A) and Out(A) are not reduced.
The proof will be given in 3.2. Note however, that each k+-grading of A yields a
diagonalizable derivation a → ∑t∈k+ t · at . Thus, our corollary says that if AutA
is smooth, each diagonalizable derivation is integrable “in a diagonalizable way”, see
[2, Section 2].
2. Examples
2.1. Let G be a 5nite p-group, then the commutator subgroup G′ is a proper normal
subgroup of G, thus we can 5nd a surjective homomorphism of groups G → Zp. This
gives rise to a critical Zp-grading of the group-algebra kG= : A =
⊕
j∈Zp Aj. In fact,
if we have any Z-grading A=
⊕
i∈Z A
′
i of this local 5nite-dimensional algebra then the
elements in A′i are nilpotent for i = 0. On the other hand the non-invertible elements
in Aj form a linear subspace of codimension ¿ 1 since A is local and Aj contains
invertible elements. Thus Aut(kG) is not reduced if char(k)=p, see also [2, Section 2]
for an alternative proof of this result.
2.2. Let A be the following k-algebra which we give by its quiver with relations:
e3
0←−−−−−←−−−−−
1
e2
0←−−−−−←−−−−−
1
e1 00 − 11; 10 − 01:
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Then it is easy to see that
A0 = ke1⊕ke2⊕ke3⊕k0⊕k0⊕k(00)
A1 = k1⊕k1⊕k(01)
gives a critical Z2-grading of A. Thus Aut(A) is not reduced if char(k) = 2. We
illustrate the phenomenon by a direct calculation of the automorphism group of the
corresponding locally bounded category. The a=ne coordinate ring is given by
k[Y; Y0;0; Y0;1; Y1;0; Y1;1; X; X0;0; X0;1; X1;0; X1;1]=I;
where I is generated by the 6 elements
Y (Y0;0Y1;1 − Y0;1Y1;0)− 1;
X (X0;0X1;1 − X0;1X1;0)− 1;

Y0;0 Y1;0 −Y0;1 −Y1;1
Y1;0 Y0;0 −Y1;1 −Y0;1
Y0;1 Y1;1 −Y0;0 −Y1;0
Y1;1 Y0;1 −Y1;0 −Y0;0

 ·


X0;0
X1;0
X0;1
X1;1

 :
A straightforward calculation shows that the tangent space at the identity is 6-
dimensional if char(k) = 2 while it is 4-dimensional otherwise. Since the determinant
of the above matrix is
(Y0;0 + Y1;0 + Y0;1 + Y1;1) · (Y0;0 + Y1;0 − Y0;1 − Y1;1)
· (Y0;0 − Y1;0 + Y0;1 − Y1;1) · (Y0;0 − Y1;0 − Y0;1 + Y1;1)
we get in any characteristic the k-rational points as{((
c1 c2
c2 c1
)
;
(
a1 a2
a2 a1
))
with (c1 − c2)(c1 + c2) = 0 = (a1 − a2)(a1 + a2)
}
∪
{((
c1 −c2
c2 −c1
)
;
(
a1 −a2
a2 −a1
))
with
· (c1 − c2)(c1 + c2) = 0 = (a1 − a2)(a1 + a2)
}
:
We conclude, that the automorphism group is isomorphic to
k× × k× × k× × k× × Z2
if char k = 2, while it is a connected non-reduced 4-dimensional group if char k = 2.
Finally we would like to remark that A is wild if char(k) = 2 and tame otherwise [3].
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3. Proofs
3.1 (Proof of theorem). We write FnH for the nth Frobenius kernel of an algebraic
group H over k. We have M ⊂ FnG for some n∈N, and take M ⊂ Mn ⊂ FnG a
maximal multiplicative subgroup of FnG. Next we construct inductively an ascending
chain of subgroups
Mn ⊂Mn+1 ⊂ · · · ⊂Mn+k ⊂ · · · ⊂ G
such that Mn+k is a maximal multiplicative subgroup of Fn+kG. Consider now the
descending chain of closed subgroups of
G ⊃ G0 ⊃ · · · ⊃ Gk ⊃ · · ·
given by Gk = CentG(Mn+k). Clearly, this becomes stationary, i.e. we have Mi ⊂
Cent(Gol ) for some l∈N and all i¿ n. Here Gol denotes the identity component of
Gl.
We claim that FiGol is nilpotent with Mi as largest multiplicative subgroup. In
fact, we have by construction Mi ⊂ FiGol as maximal multiplicative subgroup since
Mi ⊂ Gol ⊂ G, moreover Mi ⊂ Cent(FiGol ). Now the quotient FiGol =Mi contains no
non-trivial multiplicative subgroup, otherwise Mi would not be maximal multiplicative
in FiGol by [1, IV, paragraph 1, 4.5]. Thus FiG
o
l =Mi is unipotent by [7, 2.62] and [1,
IV, paragraph 3, 3.6]. We conclude that FiGol is nilpotent by [1, IV, paragraph 4, 1.2]
and Mi is its largest multiplicative subgroup [1, IV, paragraph 4, 1.11]. (Note that
by de5nition a maximal multiplicative subgroup is not properly contained in any other
multiplicative subgroup, while the largest multiplicative subgroup, if it exists, contains
all multiplicative subgroups.)
Next we claim that each maximal torus T ⊂ Gol lies in the center of Gol . In fact,
since the Frobenius kernel FiT is a multiplicative subgroup of FiGol it lies by our 5rst
claim in Mi, thus in the center of Gol . Since T is connected our claim follows.
It follows from the construction of Gol that this is a smooth algebraic group by [1,
II, paragraph 3, 4.3.] and [1, II, paragraph 5, 2.8], and we may apply the classical
theory of Borel subgroups. Let B ⊂ Gol be a Borel subgroup that contains a maximal
torus T ⊂ Gol . By our second claim B=U×T for some unipotent group U. Thus B is
nilpotent and we conclude Gol =U×T, see for example [6, 6.2.10]. As a consequence
T is the largest multiplicative subgroup of Gol and our theorem follows.
3.2 (Proof of Corollary). Since k is algebraically closed the algebraic multiplicative
groups are by de5nition of the form Sp(kH) for some 5nitely generated abelian group
H . In particular we are interested in the torus k× = Sp(kZ) and its in5nitesimal
multiplicative subgroups pn =Sp(kZpn).
Now it follows from [1, IV, paragraph 1, 1.6] that the set of subgroups of Aut(A)
isomorphic to Sp(kH) corresponds naturally to the set of essential H -gradings on A (we
say that an H -grading A=
⊕
h∈H Ah is essential if H is generated by {h∈H |Ah = 0}).
For example, a Z-grading corresponds to the map k× → Aut(A); t → (a → ∑i aiti).
We conclude that a critical Zp grading gives an in5nitesimal multiplicative subgroup
of Aut(A) that is not contained in a torus.
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Our claim for Aut(A) follows now directly from the theorem above since k is perfect,
and thus Aut(A) is reduced if and only if it is smooth [1, II, paragraph 5, 2.1]. Now the
structure morphism Aut(A) → Out(A) is faithfully Nat [1, III, paragraph 3, 2.5] with
smooth 5bres (isomorphic to Inn(A)) thus it is smooth by de5nition, see for example
[1, I, paragraph 4,4.1]. We conclude that Out(A) is smooth if and only if Aut(A) is
smooth.
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